
                            PRELIMINARY EXAMINATION 
 
Real Analysis                                                                             Summer 08 
Time: 3 hours                                                                             August 02, 2008 
 
                             
 
 Note 1: Please solve 3 problems from part 1,  3 problems from part 2 and 2 problem 

from part 3 
 
 Note 2: You may solve as many problems you possibly can, if you have the time 
 
 
Part 1 
 

1. State the Radon-Nikodyn theorem and give an application. Elaborate your application. 
 
2. Let [ ]1,01L , the Lebesgue space  of integrable functions on the interval [0,1] with the Lebesgue 

measure, and let ϕ  be a bounded  linear functional on [ ]1,01L . Define the function by 
g(x)  = [ ]( )x,0χϕ . Show that g is absolutely continuous on the interval [0,1]. 
 

3. a)  Let X de a normed  space and XRT n →  be a linear transformation. Show that there is a    :
            positive constant M,  so that  nRX
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b) Let 
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 be any two norms in nR . Show that there are positive constants M, N  
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                  c)  ϕ  is a bounded linear functional on nR  if and only if  there is a unique , so that nRy∈
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4. let ( )μ,,ΑX  be a measure space and ( )μ,,Α= XLL pp . Given [ )∞∈ ,1  with p≥ r and a , rp

Measurable function g. Show that  defined by T(f) = g.f is bounded if and only if 
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5. A sequence ( )nf  of real valued measurable functions is said do converges in measure to a  
  function f is for every 0>ε   { } 0)()(:lim =≥−
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If ∞<)(Xμ , show that a sequence ( )nf  converges in measure to a function f , if and only if   
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Part 3 
 

1. Consider a series∑ , where the functions 0)( ≥x  are measurable for 

every k≥1. Prove that xa . 
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If  is finite, prove that he series  converges for almost 

everywhere.                                                                                                        

∑∫
∞

=1
)(

k R
k dxxa ∑

∞

=1
)(

k
k xa

 
2. Suppose f is a non-negative measurable function, and  )( nf  a sequence of non- 

negative measurable functions with )()( xfxfn ≤  and )(xf→  almost 

everywhere as .∞→n  Prove that 
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3. Suppose f is integrable on nR . Prove that for every 0>ε , 
a) There exists a set of finite measure B (a ball, for example) such that 
       ε<∫ dxxf

cB

)( . 

 
b)  There is a 0>δ  such that ∫ <

E

dxxf ε)(  whenever δ<E , where E  

            denotes the measure of the set E. 
 

 
 
 


